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In a polymer network, the introduct ion of crosslinks affects both the configurational entropy of the 
chains and the short range repulsions between individual monomers. The 'replica method' calculation 
outl ined gives the elastic properties - both bulk and shear - of a polymer network formed in solution, 
in terms of a free energy of deformation. Corrections due to excluded volume appear on the behaviour 
under shear, and a change in the osmotic terms due to crosslinking is also found. 

INTRODUCTION 

Rubber networks and polymer solutions have often been 
regarded as separate aspects of  polymer science. Experi- 
mentally, solid, vulcanized rubber is quite a different propo- 
sition from a solution of, say, polystyrene in liquid benzene. 
However, just swelling the rubber with a solvent or chemi- 
cally crosslinking a solution of polymer gives tire same ex- 
perimental system - a gel. 

From a theoretical point of  view, the ingredients of  
polymer solution theory chain molecules with repulsion 
between monomers have always been vital in understand- 
ing a rubber. Without any excluded volume effect, the ex- 
perimental systems are unstable with respect to a collapse. 
syneresis, and this is just what classical calculations ~ give. 
ttowever, the classical rubber studies generally neglect any 
interaction between crosslinkages and the repulsions which 
stabilize the system: they are calculated quite separately. 

In this paper a calculation will be outlined which seeks to 
bridge the gap between rubber and solution, giving a net- 
work stable with respect to density fluctuations. Repulsions 
will be treated sufficiently well to give a sensible concen- 
trated solution theory in the limit of  no crosslinking, and at 
high polymer concentration and light crosslinking it is found 
that the classical theory of  rubber elasticity emerges. 

It is shown that the free energy per monomer for high 
density is: 

j'= kB T _ __ oo3/2 
/.( 

+ -  - 1 + - -  + 

2 1 + 3 '  rr 

I 1] log 1 + -- (1 + I + . I )  
8rr 2 

+ Order u 3/2} 

with the fl>llowing quantities all expressed in units of the 

step length of  the polymer: p = density of  monomers, at net- 
work formation; u = fraction of  crosslinks per monomer; co = 
monomer excluded volume; a = excluded volume cut-off 
length; "), = wasted loop correction 

= ~ p~ 

The functions of  deformation are: 

/ = I / 3 Z X ~  1 

i 

tire familiar first invariant; 

B= H ?ti 

i 

the bulk deformation; 

J : s I d  l] 

where e 1 1 is the spherical average of IA-n] 2, taking n over 
a unit sphere and A being the strain tensor. 

Model system 
Tile starting point is a polymer solution in tile regime of  

concentration c > c *  where c* is the critical concentration 
of polymer solution theory 2 above which the coils are forced 
to intermingle strongly and the long range chain statistics are 
Gaussian due to screening 3. 

hr this rdgime, monomeric repulsions dominate the osmo- 
tic pressure and perfect gas terms due to whole chains are not 
significant. In the present calculation, chain ends will be 
completely neglected, the material being represented by one 
very long molecule; entanglement effects will also be ignored. 
Viscosity experiments suggest that entanglements are not 
important until c is orders of  magnitude greater than c* 
(ref 4). 
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The molecule will be represented by a continuous curve 
r(s) where the parameter s is (loosely) an arc length running 
from 0 to L. Its polymeric nature will be modelled by the 
statistical weight of  Wiener measure, 

L 

3 f r, 2d s 
2l 

0 

this alone gives Gaussian statistics on all length scales, to- 
gether with an interaction energy: 

L L 

_1 f ds l ds,X[r(s k B T w E  = ~ w k B T  - r(s ')]  

0 0 
However where this form of interaction gives divergences - 
very short loops - the 5 function will always be interpreted 
as the narrow normalized Gaussian: 

exp - ~ T  ) 

The delta function interaction simply models the first 
virial coefficient of  the m o n o m e r - m o n o m e r  interaction, 
with: 

k B T l 2 w =  ' d 3 r [ e - u ( r ) / k B  T -  1] 

Here U(r) is the m o n o m e r - m o n o m e r  interaction including 
the net result of  polymer-solvent  effects; the virial approxi- 
mation is valid when the monomer concentration is low. 
The divergences with the 8 function arise because the 
Wiener chain has the freedom to interact with itself and to 
respond on all length scales. Real polymers have short range 
rigidity so that interactions below a certain length scale are 
just constants and do not affect configurations. Taking the 
Wiener chain which is Gaussian on all length scales we must 
explicitly suppress the short range interactions and this is 
readily achieved by broadening the 8 function to a narrow 
Gaussian. The parameter w varies as T -  0 (0 = the Flory 
temperature), and gives the strength of  the interaction s . 

A number N of permanent crosslinks will be introduced 
into the system, which will be confined within a fixed 
volume, initially V. As we are concerned with properties 
under shear we must also specify the shape of  the enclosure: 
it will be taken initially to be a cube with edges defining 
Cartesian coordinate axes. The deformation considered will 
be an extension along these axes, the normal strains being 
X1, X2, X3. 

The polymer configurations will be subject to periodic 
boundary conditions: on passing through the boundary the 
chain reappears at the opposite face 6. We will of  course be 
concerned with a thermodynamic limit where N, L and V 
all tend to infinity, keeping both the density of  material, p = 
12L/V and the fraction of  crosslinks u = N L / l  fLxed. 

The physics  

How will this model behave in qualitative terms? 
We will not be concerned with the subtleties of  the gella- 

tion phase transition: this calculation is concerned with 

securely gelled systems. However, it is worth noting that, 
because there are no chain ends, all non-zero concentrations 
of  crosslinks will give such a gelled state. 

The network then, will definitely be held together and 
so its tendency to swell - measured by the osmotic pressure 
7r - will be reduced. Indeed it could even develop a negative 
osmotic pressure, which just means that the network will 
start to collapse inwards on itself in syneresis until zr has in- 
creased back to zero: zr :- 0 gives the equilibrium size of  the 
swelled network and at higher dilutions phase separation 
will occur. 

Crosslinking will also confer rigidity upon the network. 
The free energy of the system will increase under shear defer, 
mation, and the network will exhibit shear stress. The statis- 
tics of  the crosslink locations must be treated very carefully, 
for the only change in the network under shear is that those 
locations become less thermodynamically favourable. 

We take here a specific model for the crosslink statistics, 
whereby with the network in an initial state the links are 
totally free to slide along the chain. This is an annealed sys- 
tem and can have no shear stress. Then at some time zero 
the sliding of all the links is frozen - this is a change only in 
the dynamics, not altering the entropy - and the network is 
subsequently deformed. The change in free energy under 
deformation and hence the osmotic pressure and shear 
stresses are then calculated. 

Polymer solution N sliding ~ Annealed 
in volume V links Network 

Block sliding 

Stress • Deformation Rigid Network 

Experimentally, the link sliding does not literally have to 
be frozen out: we only need to make the deformations on a 
faster timescale than the links can slide. Edible table jelly is 
an example of  such a system - if left for long enough under 
stress it creeps by the links, effectively sliding. 

CALCULATION 

Formulat ion 

We start from an exact formulation of  the problem. Al- 
though the expressions are complex, by starting with exact 
formulations we can be sure to contain all corrections in any 
expansion. There is not space to explain fully the formalism 
and the reader is referred to the paper of  Deam and Edwards 6. 
For ease of reference some details are appended to the pre- 
sent work. 

As is shown in Appendix A, the free energy of the deformed 
system is: 

F = - k B T  

N 

fri 
i= 1 

dsids ~ Z(Sl ,S ' l .  . . ' , . SNSN)IOgZ(Sl ,S l .  . SN, S'N) 

N 

fn 
i=1 

I F t 
dsidsi Z(S l ,  Sl . • • SN, SN) 
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on averaging over initial crosslink locations, l lerc Z( s I , s I . . . 
s,v,s,,~'} is the parlition function of tile polymer solution with 

t 

links joining the/V pairs of points s' I ,s I : x2, s 2 ; . . ,  s?./, s?,'-: 

2'V Z=f,r(s)e 3/21fr': w,"2ffds'b)(rt.s> r(s')I-I,~(r(~,/) r(s})) 

i=I 

Z is the same function bul with tile system in the strained 
state. 

In the Appendix B it is shown that 

,= 0 
where 

N 
f dsidsl e-Frcp/kBr= Zrcp = H ~ - - -  Z(s,s')[Z(s,s')] n 

i=1 

Zre p is tile partition function of a replicated system, in which 
there a r e n + l p o l y m e r s o l u t i o n s .  F o r n = O ,  1 , 2 . . . w e  
can write Zre p as: 

N gl 

f dsids I" 
Zrep= H e-I- I 

i=1 ~=0 

8ra(s)e  3/2lfr'~ 2ds w/2ffs(reOdsds' 8(ra(si)  rc~(s~)) 

i=! 

= II ; ~r~(s)e-3/2t*';?m-- w/2ffS(r~(s)-ra(s'))dsds' 

02 

Is ,  d,d,J- H 8(reds) - r,~(s')) - 4  

Replica a = 0 is in tire undeformed (formation) state and tile 
rest, a = 1 , 2 ,  3 . . . .  are all in the strained state. All the rep- 
licas have the crosslinks joining the same locations on their 
chains, but subject to this constraint the replicated links are 
allowed to slide. 

Appendix C shows how we can introduce a chemical 
potential for crosslinking, giving Zre p = rain Zr(la ) where 

,u 

Zr(la)= f 6 r  e w wF+,uX Nlogu 

l lere we have introduced tile following symbolic m)tations: 

n I. 

w = _'l d,,' 

oe = 0 0 
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1 / ) t  

' ; f x  1:= ~ ds ds' ,',(rot s ) 

0 0 ~=0  

re,( ,;' )) 

1 / 
I I  

' f f  A = ~ ds ds' H (5try(s) 

0 0 o< = 0 

Varialhmal appr<)ximation 
Note ll~at for n = 0, when we have only one replica (a = 0), 

1:' and X are identical. As we wish to expand about this 
point, it is helpful to rewrite Zr(ta) as 

f o  ,,' ,'. l . ,  .¥log.  

Just as in ref 3 we introducc a harmonic potential 
denoted Q - - t o  model the localization: 

Zr (~)=  fe-w (,,. . ) t :  Q eVlogu+[Q+u()¢ /: ')[ 

~>Zr(/ jq)= f e - W - ( w  u)/: Q-Nlogla+(Q+u(X 1:')) 

(see Appendix D). Here the average (Q +/4  X E)) is taken 
with the distribution 

e-W (w- u)E-Q 

We restrict our choice of  Q to contain only one variational 
parameter q: 

ds ,) 
Q = 6 (l  + nX/") 

0 ('artesians i 

?! I I  

o~=1 ~3=1 

Note that (2 +/J(X E) vanishes at n = O, so that the varia- 
tional principle is now exact there. As a result the inequality 
holds under one differentiation at n = O, as required. 

hllrodt~clioH of  dens'ity coordiltdlCS 
We are still left with a formidable problem to evaluate 

/ r ( / j , q )=  f e - W  (w ~)L Q .\"log>~+(Q+~(W I:)) 

First a simplifying approximation will be made in evahJatmg 
<X 1:3: we ignore the excluded volunre in or>reputing this 
t e rm.  
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The probleln then remains to calculate 

z(/a,q)= ye-,e Iw ~)I: Q 

since (Q) can be derived fiom this function. If we introduce 
for each replica the density coordinates 

L 

p~(k) = f d s e i k ' r ~ l s t  

o 

then 

1 
dsds' Z ~5(rc,(S')) r~(s')) 

o~ 

1 1 f d3ke a2k2/6 
; G- 3 d ~ p~(-k) 

o~ 

2 2 
The Gaussian cut-off e - a  k /6 exactly corresponds to replac- 
ing the delta function interaction by a narrow Gaussian. 
Now we can change variables in the integral for Z(la,q) to 
obtain: 

zOl,q)= f e W--Q6r f dp~(k)J(p~(k))e-tw-u)L'lo'hk)l 

where the Jacobian J(pC~(k)) is the joint distribution of pC~(k), 

J [pU(k)] = 

H 6(pa(k) f dsei k'rc'(s)) 6ra(s) 

r e- W-Q a,k 

re - W- Q ~ra(s) 

J (pa(k))  is here replaced by a joint Oaussian distribution, 
completely determined by requiring that its zeroth, first and 
second moments be those of the exact distribution. This is 
a rather drastic approximation, which will be seen to be equi- 
valent to Edwards' 1966 theory of polymer solutions 7. 

This theory, although of validity only in the region of 
high density, solves that region in a straightforward way and 
provides the simplest example of  the problem of solutions 
and networks. 

Var&tional free energy 
Tedious and lengthy calculation gives: 

log [ ~ ( u , q ) ]  - 
lqL 

.y-(w u) n ff'-(w .)  

V ( 3 L )  1/2 
,,i6; u ld+mdl-I)l× 

[, ,12] 
+ Order ~L(w / j ))  

here A is the strain tensor and" = 

e~ = <[n'(AT) ~-(A) ~.n)% = (1A~.nl ~ ) 
(angular average of n over a sphere) 

so that 

1 
e~=~ Z X ~ ;  B= XlX2X3 =detA =ei~ 

i 

"~is tile deformed volume, V= V'B kBT J~'(w la) is the 
polynier solution free energy as obtained by Edwards: 

r 

= L ] w - /1 L 
~-(w /a) 

/ 2 V 

Neglecting excluded volume gives: 

L2 q 
P(X E ) = ~  ( 2 7 )  

v II ( l  +,,x2) 
i 

+ --- 1 - 3 n + - - l o g  - -  21a 2 2rra 2 

3n/2 

+ 

Ordern(qa2)l/2)] ~ [L~ L 2 
- 7  +"F + 

(n + 1) ~ (1 + Order n(qa2) 1/2) 

i 

+ - -  log - -  - 3 + la 2rra 2 

+ Order n 2 
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We obtain (Q) as 

8 
q12 =--log z 

6q =nlLq/4 ,,Vq32rr 2 (3/,))7 

1/'2 
loll + B( el i -  I)l 

Putting all this together then gives: 

/ 'r (,u,q) = IogZr(/a,q) 

41 ( ; )  3/2 ct-v- --'u/ 1, a/ ] (w p)L] 

- 4 -  

77" 

4 a l  ] 2 f f  ) 

{IL 4 V [3L(w ls, l 1'12 } 
+</ +32;2 t, /~ } [~I +BI~i, ~tl 

+ -3 log  + 

i 

1 3 ) }1 --- log - 3 + L 2 / ~  + Order n 2. 
21a 2rra 2 

We lnust now deternfine both ,u and q. 
It is shown in Appendix E that kT(,u,q) is correctly made 

stationary to first order in n by choosing ,u so as to extremize 
the terms of order n 0. This gives: 

, L: [ 
. . . .  1+ 

~0 2dV V Lal 2 

3/2 

If'we take tile limit #0/'u' '~ 1, then 

2N V 

~o : i 2 i l  + . ,  

where 

3': l.al 2 rr rr i ] 

112 

tile wasted loop correction. Nolo that tile exchlded volume 
reduces wasted loops. 

To miniinizc tile free energy with respect Io q. we filsl 
nole lhat l<).(lao, q) = {terms independent of(t) + st(Dq 
('h>gq) where 
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4 V 

IL V [3L(w  /a0)] 1i2 
D = + 4 32rr 2 [ 5~ .  r .... j [el +B(e !  1 - 1) 

Making this stationary gives 

3 L 2 
nC(l I o g [ C / D l ) = , ~ - u 0  

17 4 

I I + log 

IL I" [ 3L(w t~0)\1/2 , , 
-- + - - -~  I ~ - -  I (e i + B(e '  1 I )) 
4_  32,r- \ iv S . . . . . . . .  

3 
4,u0L2/V 1 

Finally. we can now write down the free energy of 
deformation, 

-~/I<BT : a [ Frep lknTl ' '=o <~ [Min Fr(la,q)lkBT],,= o 
On 3n uq 

[ (,,, ,,0),,-, <w 1 : L _ . . . .  + *., + lal ,  

2 v  2 7 j  

/20L2 [ E 7 8rr IV + 4--V X +31og 1 +- -2- i ,  
i 

'3L(w 120) ] 

- T F  . . . . . .  1 

1:2 

[cl +.,c,, i,]] 

+ (terms independent of  deformation) 
Then to first order in tile number ofcrosslinks we have: 

bTk B 1" % L 

+ ~ I + 4  x,.-+ - i rr LI3B J 

+3hm 1 + ---- [c I +B(e  I 1)1 8,2 tLl3~ / 1 

For clarity wc convert tile parameters into dimensionless 
in [ensivc variables: 

nmnomervtflume fraction p =L/I-13/I "= LI2/V 
crosslink munber fraction v = z~'I/L 
free energy per monomer ]r = 1,7/I 
reduced exchlded w)hu-ne co = w/'/ 

Then the free energy of defol-matitm per mtmonler is 
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co 2(3) 1/2 
f =  kBr  ~ p/B 7r 603/2(P/]3)1/2 

[ + . . . .  I +  + 
2 1 + 7  7r 

log 1+-8-~ 1 + I + J )  

where the three functions of deformation are: 

! 

I = e [ - 1 = -  E k2 1; B = )tl)k2)t3; 
3 

i 

J =  8 ( c ! _  1 - 1); 

and 

'Y=~_ " p~ rr 

with a = a/l= reduced cut-off length. 

RESULTS AND DISCUSSION 

The free energy terms, in order, may be interpreted as 
follows. 

(i) cop/2B. This is just the interaction energy of one 
monomer with the mean density of material, p/B being the 
density in the deformed state. 

This is a correction to the mean density value of repulsion 
energy, arising because of cooperation along the chains; in 
repelling each other, two monomers also keep their respec- 
tive neighbours apart. 

(iii) - - - I  = -  X 2 - 3  
2 1 +7  2(1 +7) 

l 

This term gives the familiar phantom network entropy of 
deformation. The factor 1/(1 + 7) simply corrects for the 
incidence of 'wasted loops' where the chain loops back on 
itself before connecting to any other part of the network. 
Clearly such a link contributes nothing to the phantom net- 
work shear modulus. 

Due to crosslinks, this gives exactly the opposite effect to 
term (ii). By forcing two monomers together at a link their 
neighbours are brought into enhanced contact. Note that 
both effects are screened and so vary as B -1/2 at high density. 

I I (v) log 1 + (1 + z + 

This gives the increase in repulsive energy under shear due to 
the material being confined to affine deformation: this im- 
pedes the density relaxation. 

Limitations 
Although it is possible to take the calculation further, the 

present work has been taken only to the lowest order in the 
crosslink fraction v. 

The largest terms neglected are of order: 

r 

and do contribute to the deformation dependence of the 
elastic free energy. The rdgime where crosslink fraction v = 
Nl/L is less than volume fraction O = Ll2/V is highly restric- 
tive. There #/w is of order u/O so that to study the system 
close to collapse, the case u ~ p must be considered., the 
authors hope to carry this out in a later paper. Another 
point left to later investigation is a proper evaluation of 
(X-E) including excluded volume. 

An alternative view of the above limitations is that they 
restrict this treatment to the high density regime. This is 
consistent with the polymer solution theory which it 
subsumes 7. 

CONCLUSIONS 

First and foremost, this theory gives a network which is 
stable against density fluctuations. This is assured by the 
polymer solution terms which have emerged from a full net- 
work calculation. By forcing chains into close contact, the 
crosslinking increases the effect of excluded volume to the 
extent of: 

2 (1+7)  7r 

Note that this term comes about as a correction to the fluc- 
tuation part 

and not the mean density term o~p/B; crosslinking does not 
affect the mean density. 

The elastic behaviour under shear takes exactly the fami- 
liar phantom form ~'6 at high densities: 

- v  
f-+~kBT X i + bulk terms as p ~ ~ 

i 

The modification to the shear properties at lower densities 
appears always to be weak. At its most extreme the modifi- 
cation is from I to I + logarithm (1 + I + J), though the short- 
comings of the present calculation at low density should be 
born in mind here. 

It is interesting that this is precisely the sort of behaviour 
- increase in modulus and more complicated elastic functions 

which when seen experimentally is attributed to entangle- 
ments. Entanglements have been ignored in the present 
work and may swamp this effect, but the feature of increas- 
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ing as density is Io\vc'rcd l l l ighl piovc su l f ic icn l t \  dist inct ive 
cxpeli inei/Icl l ly. 
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APF'ENDIX A 

Without  crosslinking, the statistical weight of  a po lymer  corn 
figuration is 

{ 3f ,2 '" fJ" I} exp 2I r ds  - ~ dsds'15[r(s) r ( s ' i  

The statistical weight of  a system with N crosslinks joining 
s I , s] . . . .  L'v ,s,~ is s imply the sum of  all the weights of the 
cont r ibu t ing  configurat ions:  

N 

Z ( s l , s ( . .  is , \ ,sly) = ~Sr(s) 1-I 15 [r(s/)-r(s~)l × 
i=1 

[ 's ::is ] x exp ~ -  r '2 d s -- dsds'15 

The integral is a sum over all paths  within the volume and 
15 [r(s i) r ( s l ) ]  picks out  unly thuse conf igurat ions  which 
touch,  i.e. are l inked,  at s i and s[. Just as with the excluded 
vulume, to aw~id divergences assuciated with ever shorter  
luops 'wasted loups '  it is convenient  to soften the 15 

function to 

(y )  3r,2   
If we take the distributiun of  links to be determined bv 

equilibriun~ in the formation state, then the prubability of a 
particular set of  links is simply Z ( . .  si, s ~ . . . )  non-nalized: 

z( . . .  ~i ,s ; . .  .) t 

p(SiSi " " " "~N'S/) = - 
f dsi d s ] . . . d  SN d s~ Z ( . . .  si, s[ . . .  ) 

By the Gibbs  formula,  the free energy of  the systern with 
a part icular  set of  links is given by: 

I ¢ 

F I ( . . .  si, si .  . . )= k B T I o g Z ( .  . .si,$ i . . . )  

This remains true under  deformat ion :  

l'71(si) = k B T l o a ' Z ( s i )  

Po/vmer network in solution. R. C. Ball and S. F. Edwards 

~ I I C [ [ '  [ [ i C [ /I /( / { mdicutes/l~c dcl.~mcd I~.umLu\ comlit ions.  
A~cra~zin~ '~?1 or'el the imtial crossliuk locutions thell ~ixes: 

F 
= (el\i/rise} ( l~:l(.~/),'/,teT) 

k l "  

i ( l S /I Z ('~ l I ) log Z~ .sz ) 

fd  'h Z ( ,vj ) 

AI'I't,IN I)1X B 

'a'c can change the order o t  flw Iog:.lrithlll alld the average 
over link locations,  by the 'Repl ica -[ rick',  using: 

('") 1 Iogx = lim / = .v" 

l h c n  

I." = 

fZ Z" 
sly0 

kt~ T 
fZ  

f Z Z "  

: k B T  - - - ~ -  _ 
I fez" j n = t) 

= kRT lug z z "  = ~l;';.,,/n)l,,=0 
~)Jl n =0 On" " 

\vhefe  

Frcp(n)  = kBTlOgZl -ep(n)  

P 

= J ZZ" Zrep(n) 

APPENDIX C 

To introduce a chemical potent ial  ['or crossl inkmg we use the 
ident i ty :  

x N  = _1 ~ d# 
2rri ~F¢711 N '  etaX 

C 

(where C is a contuur  enclosing ,u = 0 in the complex  ,u plane) 

1 f diaN!eUX- (N+I)log~u 
2rri 

C 

In the the rmodynamic  l imit  only the steepest descent  point  
of exp( ,uX Nlog,u) cont r ibutes  ( for  a gelled state)  so we 
are left w i t h  
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r e -  t¢ ,,I: +,,x ,\log~brc~(S ) 
Z r c p  = e x 1  

// J 

APt~ENDIX D 

We require the identity @)') ~> e<) '> where < ) denotes some 
particular average. Now 

eY =ece .r C~>eC(i + y  c) 

St.) 

<eY>~>eC(l +<y) c) 

hence 

(e .r > ~> eU'> 

choosing c = (y), which maximizes the above. 

APPENDIX E 

We wish to show tlaat the stationary value of  

l,'(p) = FO(#) + nl,'l (p) + Order (n 2) 

is correctly given to order n by taking # = #0 where 

J .= .o  = 0 

Let the true stationary point be #* ,#  = #*  + Order n: then 
expanding about # =/-to gives 

F (#* )  = F0(#0) + (#* - #0) F~)(#o) + Order(#*  - #0) 2 

+ nF t (#0)  + Order n(#* - #0) 

= F0(# 0) + nF l ( #0 )  + Order n 2 
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